General estimates are derived for mean velocities between and around 'clouds' of fixed and moving bodies, in unbounded and bounded domains, which lie within a defined perimeter. Robust kinematic flow concepts are introduced, namely the Eulerian spatial mean velocity u E in the fluid volume between the obstacles, the Eulerian flow outside the cloud, u (0) E , and the Lagrangian mean velocity of material surfaces or fluid particles as they pass through the cloud of bodies (u
General estimates are derived for mean velocities between and around 'clouds' of fixed and moving bodies, in unbounded and bounded domains, which lie within a defined perimeter. Robust kinematic flow concepts are introduced, namely the Eulerian spatial mean velocity u E in the fluid volume between the obstacles, the Eulerian flow outside the cloud, u (0) E , and the Lagrangian mean velocity of material surfaces or fluid particles as they pass through the cloud of bodies (u
L ). The Eulerian mean velocity is related to the momentum in the fluid domain, and weights fast moving regions of the flow. The Lagrangian mean velocity weights slowly moving regions of flow and is related to how material sheets deform as they are advected through groups of bodies. When the bodies are well-separated, the interstitial Eulerian and Lagrangian mean velocities (u
, which are comprised of the far field contributions from the velocity or displacement field within the cloud, are defined and calculated.
In unbounded flow past well-separated bodies situated in a rectangular perimeter, the difference between the Eulerian and Lagrangian mean velocity is negligible (as the void fraction of the bodies, α → 0). Within wide and short rectangular arrays, the Eulerian mean velocity is faster than the free stream velocity U due to blocking by the bodies and u E = U (1 − α) −1 . Within long and thin rectangular arrays, (and other cases where the reflux velocity is negligible), the Eulerian mean velocity, u E = U (1−(1+C m )α)/(1−α), is slower than the free stream velocity, due to the local effect of the stagnation regions. For a spherical or circular cloud of bodies, the particle Lagrangian mean velocity is u (P ) L = U (1 + C m α) −1 and differs from u E . Outside these 'clouds', the velocity is faster than the free stream velocity because it is accelerated around the bodies. These calculations are extended to examine the mean and interstitial flow through clouds of bodies in bounded channel flows.
The new concepts are applied to calculate the mean flow and pressure between and outside clouds of bodies, the average velocity of bubbly flows as a function of void fraction, obstacles, and the tendency of clouds of bubbles to be distorted depending on their shape.
Introduction
Many practical mechanical and processing engineering flows consist of collections of fixed or moving bodies. These may be unbounded or bounded high Reynolds number flows through 'clouds' of bodies, such as crop 'canopies' or buildings in the atmospheric boundary layer, boiler tubes in a furnace, flows through moving objects such as icebergs in the ocean, or bubble swarms in pipes. For many purposes, the main goal is to estimate various integral or statistical properties of the velocity field in relation to the distribution and movement of the bodies in order to estimate, for example, the mean drag exerted on the ambient flow, and average heat and mass transfer rates. This requires calculating the average properties of the flows through groups of bodies, which is a difficult question to answer in part because of its ambiguity. Two contrasting approaches are used. The first, typically employed in multiphase and 'canopy' models, is to estimate the relative slip between the phases using a spatial (or phase) average of the flow field in the obstacle domain (an Eulerian average; Drew & Wallis 1992 ). The second approach, which is useful for some multiphase flow problems, is to define an average based on the residence time in a fluid region (a Lagrangian average). When the bodies are well-separated, it is also useful to divide these averages into two components: near and far field contributions to the flow or displacement field. Averaging the far field flow (Teshukov & Gavrilyuk 2002) or the far field displacement field over the cloud of the bodies, yields a useful 'interstitial' mean velocity. Since the zone of validity and magnitude of these average flow quantities differ from each other, in different conditions, they need to be clearly defined and to be put on a firmer theoretical foundation. This enables important practical estimates of the flow to be calculated unambiguously, which is the aim of this paper.
As bodies translate, they displace or transport fluid in the direction in which they move. This may in turn cause a return flow or reflux. A simple example is bubbles rising in a beaker of water. The water they transport with them has to return downwards when the bubbles leave through the top surface. To analyse the flow in the interior of the beaker, the complex flows at the free surface processes (e.g. Eames, Hunt & Belcher 1996) associated with the movement of the bubbles do not have to be evaluated, providing there is an appropriate definition of the mean velocity field using a Lagrangian framework. Such a Lagrangian framework is based substantially on Darwin's (1953) analysis of material surface deformation by the flow around rigid bodies. Darwin (1953) showed that providing a material surface starts infinitely far in front of the body, and is swept infinitely far past the body, the total volume displaced forward is C m V B , where V B is the body volume and C m is the added-mass coefficient. In bounded flows, a return flow or reflux is also present.
The consequence of reflux is that rising bubbles (or falling particles) see, on average, a slower mean flow which leads to a hindered rise (or settling) speed.
The limitation of Darwin's analysis is that the flow must be describable by a velocity potential. Even for high Reynolds number flow past clean bubbles, vorticity is generated on the bubble surface by a shear free boundary condition. But the presence of strong irrotational straining motion in the near wake region, tends to annihilate the vorticity (Hunt & Eames 2002) . Thus even though vorticity is present locally, its effect on the displacement field is weak. This explains why estimates of the drift volume based on irrotational theory are surprisingly close to experimental measurements for both threedimensional (Bataille, Lance & Marie 1991) and two-dimensional bubbles (Bush & Eames 1998 ). In the latter case, the reflux field was also measured and was in accordance with inviscid predictions based on treating the bubble and stable wake as a compound body, and the exterior flow as irrotational. Based on such irrotational flow calculations, Kowe et al. (1988) proposed a model of the interstitial flow between bubbles rising in a channel, by considering the flux transported by bubbles, but (unlike van Wijngaarden 1993) neglected the interaction between the bubbles. Their predictions agreed with Zuber & Findlay's (1965) hindered rise speed formula and drift-flux relations which are widely used in multiphase flows, even for void fractions close to 0.1 (Couet et al. 1991) . The distinction between different contributions to the velocity field was also proposed, for bubbly flows by Cook & Harlow (1984) , who proposed that the local flux transported by the bubbles (a near field contribution to the velocity field) and the average flow of the gas and liquid, be represented. More recently, Teshukov & Gavrilyuk (2002) studied the average properties of oscillating bubbles in an unbounded flows which involved making a distinction between the average and the far field contribution to the velocity field. The distinction between the different contributions to the velocity field is analysed more completely here. The pressure field computed here, which determines how the distribution of bubbles changes with time, provides support for example how rapidly large bubbles or slugs will form from distributions of smaller bubbles.
These studies can also be applied to improving models of flow through groups of obstacles or buildings and their impact on the ambient flow. Typically estimates of the average velocity between the obstacles are derived by replacing the obstacles by a distributed drag force, while ignoring inviscid blocking by the rigid bodies. Since the latter effect also forces the approach flow to go over and around them, it may explain why if bodies are only modelled as point forces or a distribution of drag forces, it may be necessary to assume unrealistically large values of the drag coefficient in order to account for the observed slow down of flow approaching the obstacles (Belcher, Jerram & Hunt 2003) . The inviscid analysis here can be compared with the concept of inviscid inertial stresses set up by flow between the obstacles (Finnigan 2000) , an approach that has not so far led to clear quantitative results.
A new framework is developed to calculate and interpret the mean flow through groups of bodies. In §2, we define the Eulerian and Lagrangian mean and interstitial velocities, and develop general expressions which are applied to potential flows (in §3) and extended to dilute arrays in §4. These concepts are applied in §5 to examine the drift-flux relations for homogeneous bubbly flows. Concluding remarks are made in §6. 
Eulerian and Lagrangian mean velocities

Definition of Eulerian mean velocity
The main approach for modelling multiphase flow problems has been through solving conservation equations described in terms of Eulerian phase-averaged mean quantities (the two-fluid approach) (e.g. Biesheuvel & Wijngaarden 1984, Zhang & Prosperetti 
where V b is the total volume of bodies in V (see Wallis 1989 , Drew & Wallis 1992 ).
The integral is taken over the fluid space between the bodies, V − V b , and although the velocity decays slowly with distance from the individual bodies, the integral is welldefined because the volume over which the integral is taken is specified. Note that the integral may include regions of the flow with perfectly closed streamlines.
Definition of Lagrangian mean velocity
In oscillatory flows, such as those generated by progressive water waves, the mean Lagrangian velocity is often described as the mass flux or Stokes drift velocity (e.g. Stokes 1847, Ursell 1953) . These key concepts have not yet been applied to multiphase or multibody problems, although they are known to be related (Eames & McIntyre 1999) . The mean Lagrangian velocity is based on the mean velocity of fluid particles advected along streamlines through V . Consider marked fluid particles, uniformly separated and released far upstream of the cloud of bodies. The time taken for a fluid particle to be advected from x = x 1 (point X 1 ) to some downwind position X 2 (at x = x 2 ) is T (see figure 1a) .
The mean velocity of a fluid particle through the clouds is L/T , where L = x 2 − x 1 is the horizontal distance between the two points. The travel time T is related to the fluid particle displacement, X, (Lighthill 1956 ) through
The displacement, X, relates the distance a fluid particle is delayed within a flow compared to a particle moving with the free stream speed U and is defined by
Bulk estimates of the fluid particle displacement are calculated in terms of the integral of displacement across a sheet spanning the flow, A ∞ , which is defined as the partial drift volume, D p (see Eames, Belcher & Hunt 1994) :
There are two (or more) possible definitions of the Lagrangian mean velocity through a region. The 'particle' definition is the average velocity of fluid particles through the region, and is expressed as 
where the average residence time of the material sheet in the group of bodies is
The average residence time for the material sheet is therefore related to the partial drift volume through,
The new flow concepts defined here draw on the ideas developed by Davila & Hunt (2001) in their analysis of the bulk settling speed of dense particles in turbulent flows.
The Lagrangian mean velocity is weighted towards regions of the flow where the residence time is largest, corresponding to stagnation points or non-slip surfaces. Since the mean flow is expressed in terms of the residence time along streamlines, regions of the flow surrounded by closed streamlines (such as dipolar vortices or steady wake regions)
are not explicitly included in u
L , but implicitly make a contribution because closed streamlines generate stagnation points, and with them a 'drift' volume.
Interstitial flow and the effect of boundaries
A systematic approach to characterising the Eulerian mean velocity is developed here.
Firstly, the velocity may be decomposed into (i) a far field flow contribution -far from each body but still within the cloud of bodies -and (ii) a near field flow contribution -local to each body. This concept, originally described qualitatively by Cook & Harlow (1984) and Kowe et al. (1988) , is strictly valid for dilute arrays since it formally requires a separation of lengthscales between the near and far field, which respectively scale as O (a) and O(aα
where a is a characteristic length-scale of the bodies and d takes the value of 2, 3 in two-and three-dimensional flows respectively. The decomposition is defined formally here for potential flows. The far field flow, u
E , is defined mathematically to be the potential flow produced when the bodies are shrunk to zero which yields a flow caused by the sum of the dipolar and source contributions
Here δ(x i ) is the delta function and µ i is the dipole moment associated with a body located at x i ; Q is the source due, either to the introduction of bodies, the injection of bubbles into the flow, or to satisfy kinematic boundary conditions due to the presence of walls; Ω takes the value of 2π or 4π in two-and three-dimensional flows.
The velocity field distribution is then the combination of the uniform applied mean flow plus the response due to the distribution of sources and sinks which can be calculated by integrating the Green's function for Laplaces equation over the distribution: 
E , which is defined to be the average of u
E over the whole cloud region:
Thus the interstitial velocity, as described by Kowe et al. (1988) , is effectively the average velocity field experienced by a test body introduced into the flow, which is not located close to any other bodies. Notice that u 
where V B is the volume of a body and C m its added-mass coefficient.
Teshukov & Gavrilyuk (2002) have recently developed a statistical model of the kinetics of spherical bubbles moving in an unbounded flow, and also discusses the far field contribution to the Eulerian velocity field. The general approach we employ in (2.9) and (2.10) reduces, for spherical bubbles, to that of Teshukov & Gavrilyuk (2002, §4) for unbounded flows. For unbounded flows and infinitely large clouds of bodies, (2.11) is not absolutely convergent and the adhoc approach of taking the principle value to (2.11) was applied by Teshukov & Gavrilyuj (2002) . But, as we shall see, (2.11) may be evaluated unambiguously for bounded domains or localised clouds of bodies.
Effect of boundaries
Boundaries and global mass conservation impose important constraints on the interstitial velocity. the kinematic boundary condition is satisfied on the bottom of the tank and to capture the injection of the bubbles. We first focus on bounded channel flows generated by a stream of speed U through a cloud of bodies all moving with speed v along the x-axis, as shown in figure 2(a). When the average separation between the bodies is small relative to the separation of the channel walls, the dipole field and average flow is equivalent to a distributed dipole moment, and averaging (2.10) over the whole volume yields,
For the problem described by figure 2(b), an additional source contribution must be added to the right-hand side of (2.12) to account for the injection of the bubbles. Beyond a channel radius from the bottom of the tanks, the reflux field and interstitial mean flow are independent of distance from the lower wall, and the volumetric source added to the right-hand side of (2.12) is
E ) The interstitial Eulerian mean velocity corresponding to figure 2(b) is then V u
The problem corresponding to figure 2(c) is also described by (2.13) with U = 0.
As we shall show in §3, the displacement field, from which the mean Lagrangian velocity is calculated and which naturally divides into a near field (localised) drift contribution and a far field (non-local) reflux contribution which depends on the boundary condition on the whole flow. For flows through bodies moving with speed v, along a channel (figure 2a), the interstitial Lagrangian mean velocity is bodies. Finally, we have shown that boundaries influence the interstitial velocity. In the next section, we describe how these concepts can be applied in the special case when the whole flow field is described as a potential flow to calculate general expressions that will illustrate the influence of cloud shape and boundaries on the mean flow in §4.
Mean potential flows through clouds of fixed bodies
To interpret the Eulerian and Lagrangian mean velocities, we consider incompressible potential flow past a group of bodies. The flow is then equal to the gradient of a velocity potential, φ, so that u = ∇φ, and the velocity potential satisfies Laplace's equation, 
where φ k is the velocity potential associated with the k-th body. The φ k include interactions between bodies, so that mathematically φ k is composed of an infinite number of (image) dipoles within the k-th body to satisfy the boundary conditions on the surface of each body and rest of the array, or equivalently, an infinite distribution of multipoles (Saffman 1992) . The bodies are fixed in a uniform flow so that the kinematic condition imposed on the surface of each body is
wheren is directed out of the fluid domain. In general, the dipole moment µ k is a vector determined by the added-mass tensor, C mk , through Taylor 1928 ). Although we focus on bodies which are symmetric about the mean flow Ux, so that the component of the dipole moment parallel to the mean flow is µ k = −(1 + C mk )V Bk U/Ω, where C mk =x T C mkx is the added-mass coefficient which characterises the shape of the body, these results may be easily extended to arbitrarily shaped bodies.
The dipole moment is negative, indicating that the dipoles are pointing in the opposite direction to the mean flow. In the far field, the velocity potential associated with the k-th body, located at x k , is dominated by the dipole contribution:
3)
The interaction between each body is implicitly included through the added-mass coefficient (or dipole strength) which increases with α -this increase was explicitly calculated for groups of cylinders by Dalton & Helfinstine (1971) . In an unbounded flow, the out-
E is characterised by a total dipole strength which is equal to the sum of the individual contributions from all the bodies, so that for |x| |x k |,
The Eulerian mean velocity, evaluated using (3.1) and (2.1), is Unlike the Eulerian mean, the calculation of the Lagrangian mean flow is not simply the sum of the contributions from each body. For a potential flow, the displacement of a fluid particle, X, which is advected on a streamline can be decomposed exactly in terms of drift (X d ) and reflux (X r ) contributions (Eames, Belcher & Hunt 1994) ,
where
The drift contribution, X d , is the integral with time of the square of the velocity perturbation, u 2 = |∇φ − Ux| 2 , and T is the transit time from the initial position x i to the final position x f . The 'reflux' contribution, X r , is determined only by the initial and final positions of the fluid particles along the streamlines. The displacement field naturally decomposes into a near field drift contribution (since u 2 decays rapidly from each body) and a far field reflux contribution (which decays slowly from each body). The reflux is zero if the planes x i , x f are far from an isolated body, but is not zero for bodies moving in a confined space.
The particle Lagrangian mean is
From (3.7), the drift contribution to the bulk Lagrangian mean, 
Evaluation of the mean flow for potential flows through a dilute cloud of fixed bodies
For simplicity, in the ensuing calculations, the bodies are assumed to be identical (with volume V B and added-mass coefficient C m ), though this can easily be extended.
When α 1, the flow interaction between the bodies is weak and the dipole moment associated with each body tends to that generated by an isolated body in an inbounded
From (3.5) and (3.10) we see that for the dilute clouds of bodies (α 1), the local contributions to the Eulerian and Lagrangian mean velocity are identical and can be respectively interpreted as an impulse or added-mass contribution (which are identical for steady flows). However, Eulerian and Lagrangian averaging deals with the far field contributions in an altogether different manner and can be respectively interpreted as an impulse (or volume flux) and reflux. As we shall demonstrate, in unbounded flows, these two different averaging approaches may yield altogether different results.
Unbounded flows: planar rectangular group of obstacles
For the special case of a planar rectangular array of obstacles, randomly positioned in a region |x| ≤ l, |y| ≤ w, where the rectangular region V has length 2l and width 2w, with the starting and finishing position of the material sheets are perpendicular to the undisturbed mean flow.
From (3.5) and (3.10), the mean Lagrangian and Eulerian mean velocities are:
and
The bulk Lagrangian and Eulerian mean velocities (according to (4.1) and (4.2)) are consistent to O(α) because the far field contribution to the average velocity are dealt with in an identical manner. Also, by expanding the integrand in (3.8), the particle Lagrangian mean velocity can be seen to be consistent to O(α) with u (S)
L . Thus, in this example, the difference between the Lagrangian and Eulerian mean velocities is negligible for α 1.
The reflux contribution from a body (represented as a dipole) located at (x k , y k ), corresponding to the third terms in (4.1) and (4.2), is evaluated using (3.3), to give
When the separation of the bodies is much smaller than the size of the rectangular array (i.e. aα − 1 2 l, w), the Eulerian mean velocity may be evaluated by averaging (4.3) over the rectangular array to yield
For short wide arrays of obstacles (l/w 1), the mean Eulerian velocity (from (4.4)) tends to U (1 − α) −1 and is faster than U due to a blocking effect which accelerates the flow through the obstacles. As the aspect ratio of the rectangular region (l/w) increases, the mean Eulerian velocity (from (4.4)) tends to
and is slower than U because the residence time is increased by the stagnation regions.
Thus there are two important contributions to the average velocity: a blocking effect which speeds up the flow and a local added-mass or drift effect which retards the flow near the stagnation points.
Given the different effects of extreme cloud shapes on u
L and u E , it is interesting to study an intermediate shape, typical of a rising cloud of bubbles.
Unbounded flows: circular/spherical group of bodies
In the previous example, the difference between the Eulerian and Lagrangian mean velocities was small. We elaborate here on an important example of flow through a circular or spherical cloud (of radius w) of bodies where there are differences between these mean quantities.
From the expression for the Eulerian mean velocity for potential flows given by (3.5) and the Appendix, the Eulerian mean velocity, within a circular or spherical cloud of bodies, is The far field or reflux contribution to the particle Lagrangian mean velocity is zero:
(see Appendix). Thus the average reflux contribution to the displacement of a fluid particle (or its effect on the mean travel time) is zero, independent of the position of the bodies. Combined with the drift contribution, the particle Lagrangian mean velocity in a circular or spherical array is
slightly slower than the ambient flow. This example serves to illustrate a case when the Eulerian and Lagrangian mean velocities are different, with u E larger than u L by a factor
(1 + C m )α/d.
Bounded channel flows
Bounding channel walls have a significant effect on the far field contribution to the Eulerian and Lagrangian mean velocities. We consider the flow a fixed array of bodies of length L, which is much longer than the channel width W . In this limit the final results are independent of L and W .
By mass conservation, the integral of fluid displacement across the channel caused by a material surface being marked upstream of the array and being advected through the array, is 8) providing there are no closed streamlines. Thus the bulk Lagrangian mean velocity is
The drop in the velocity potential across the length of a long array (for L W ) is 10) so that the Eulerian mean velocity is
Thus for flow bounded by channel walls, the Eulerian and bulk Lagrangian mean velocities
L ≡ u E , faster than the flow far upstream of the bodies as a consequence of flow blocking by obstacles and is independent of the shape of the bodies.
From (2.12) and (2.14), the interstitial Eulerian and Lagrangian mean velocities are
The interstitial Lagrangian mean velocity may also be identified from the far field reflux contribution in the averaging process, described in (3.10).
Interstitial velocity and drift-flux relations for bubbly flows
The foundation of most one-dimensional models of multiphase flows is built around a drift-flux description, where the difference between the volumetric flux of gas and liquid, j 12 , is modelled (see Wallis 1973, p. 13) . As noted by Kowe et al. (1983) , the difference between these fluxes has little physical meaning because bubbles move relative to an interstitial flow. We continue to develop these ideas for the problem described in figure   2 (a), to determine the relation between the bulk gas and liquid flows, and to provide a theoretical justification for Zuber & Findlay's (1965) drift-flux correlation for mediumsized high Reynolds number bubbles.
The interstitial Lagrangian mean velocity corresponding to the problem described in figure 2(a), may be calculated directly from (3.10), so that
which on rearrangement yields 
which implies a slip velocity
Empirical correlations (eg Govier & Aziz 1982, p.383) suggest that the slip velocity of the bubble is For homogeneous bubbly flows, the drift-flux, j 12 , defined in terms of the difference of the slip velocities between the gas and liquid phase, is
which when combined with (5.5) yields
(5.8) Figure 3 . A schematic of the pressure field in (a) bounded homogeneous bubbly flow where bubbles are rising with speed v in a channel and (b) a cloud of bubbles rising in an unbounded channel. In (a), the mean flow speeds up through the array of bubbles, leading to a reduction of pressure. The direction of the pressure gradients indicates that the bubbles will tend to coalesce.
In an unbounded flow, the acceleration of the flow around the cloud means that there while there are vertical pressure gradients which causes the vertical height of the cloud to shrink, lateral pressure gradients cause the cloud to widen reducing coalescence and causing the cloud to grow.
Empirical correlations for drift-flux are based on the fitting the exponent n from the following expression, 9) to experimental data. The value of n depends on the particular configuation considered, but a value of n = 2.5 is recommended for high Reynolds number homogeneous bubbly flows, which is consistent to O(α 2 ) with (5.8) for near spherical bubbles where C m ∼ 0.5.
The conclusion from these calculations are that the concept of an interstitial Eulerian mean velocity provides a bulk description of the impact of multiple bubbles on the mean flow.
The pressure field averaged over a region between the bubbles is
, where p 0 is the pressure far upstream, the average pressure within a cloud of bodies or bubbles rising in a channel flow, is
(e.g. see Kowe et al. 1988) so that the average pressure in a homogeneous distribution of bubbles rising in a channel is reduced. This is why in a layer of bubbles rising in a pipe, those at the top and bottom will tend to converge towards the middle, causing collisions and larger bubbles to be formed ( figure 3a) . When the bodies or bubbles are placed in a group with finite volume V far from any confining walls (e.g. a bubble cloud moving with speed U ), the external velocity u
E around the volume gives rise to an additional higher pressure at the top and bottom of the cloud and lower pressure at the sides, which tends to inhibit coalescence (figure 3b).
Boundaries have a significant influence on the interstitial velocity, as described in §2
and shown in figures 2(b,c). When the flow is bounded by a porous or rigid lower wall, the intersitial Eulerian velocity is increased because bubbles are injected into the channel, and as a result the average rise speed is increased, according to 12) faster than the example shown in figure 2(a).
Concluding remarks
In this paper we have worked out a framework for analysing and understanding flows through 'clouds' of bodies based on concepts of an Eulerian and Lagrangian mean velocity. Although other definitions are possible, we propose that average flow properties in the clouds based on the bulk, particle and interstitial flows are the most useful for multibody and multiphase problems, as has been shown previously in wave dynamics and atmospheric flow calculations.
We have shown how the definitions and magnitudes of the Eulerian and Lagrangian mean velocities differ, corresponding as they do, to a phase-averaged velocity and average residence times. Both contain near field, far field and cloud scale blocking contributions.
The definitions of the Lagrangian and Eulerian mean properties contain integrals which require careful evaluation because they are related to the momentum of the flow and therefore yield potentially non-absolutely convergent integrals in unbounded flows. These are considered. This is in the same spirit as Kowe et al. (1983) , but has been put on a firmer theoretical foundation. One important conclusion is that a weak vortical flow has a negligible impact on the interstitial Lagrangian mean because the local contribution to the drift is dominated by the local potential flow around the bubble and wake. This has been confirmed experimentally by Bataille, Lance & Marie (1983) and Bush & Eames (1998) . These calculations justify to some extent semi-empirical relations for drift-flux which are commonly assumed in high Reynolds number homogeneous flows.
The A future challenge is to investigate whether the concept of an interstitial flow and its estimate for low void fractions is generally valid at moderate void fractions (∼ 0.1), when the bubbles are not widely separated. To measure the interstitial velocity directly requires the development of new diagnostic tools to process incomplete and conditioned data sets -some of these significant challenges are currently being met by researchers at IMFT.
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Appendix
We demonstrate the following relationships for a dipole located within a circular or spherical control volume bounded by surface S:
for any dipole located within S. The proof of (A1a) is given by Lighthill (1986, p. 123) , and it is exact for a dipole in two-and three-dimensions. For two-dimensional flows,
(A1b) may be demonstrated analytically by writing φ in polar coordinates (w, θ). On the surface S, φ i = − µ i (w cos θ − r p cos θ p ) a 2 + r 2 p − 2ar p cos(θ − θ p )
.
Substituting into (A1b) and subsequent integration yields the above results. 
Combining (A3) with (A2), yields (A1b) for three-dimensional flows. The above results have also been confirmed by numerical integration of the surface integrals.
